Stochastic wave equations with
values in Riemannian manifolds

Zdzistaw Brzezniak and Martin Ondrejat

Department of Mathematics, University of York, Heslington, York YOI10
5DD, The United Kingdom and Institute of Information and Automation,
Pod Viodarenskou vézi, CZ-182 08, Praha 8, Czech Republic

emails: zb500@york.ac.uk and ondrejat@utia.cas.cz

Contents

Introduction (3).

Necessary background on differential geometry (4).
The SWE on Rt space-time (9).

Elements of proofs (15).

CU o= W N

Approximated Non-linearities (19).






1. Introduction

Because of their numerous applications in natural sciences the wave equa-
tions form a classical research field both in mathematics and physics. They
describe propagation of all kinds of waves in space or in some media. One
can well imagine acoustic waves (sound), propagation of light, electromagnetic
waves (radio), ocean waves, seismic waves (earthquake), ultrasonic waves (de-
tection of flaws in materials), vibrations of strings, airplane wings, membranes
or elastic bodies etc.

The development of modern theoretical physics has widely extended the
scope of applications of wave equations to fields such as harmonic gauges in
general relativity, non-linear o-models in particle systems, electro-vacuum Ein-
stein equations, the non-abelian gauge theories (which serve as a description of
elementary particle processes) or non-linear optics, see e.g. Misner [23], Forger
[12], Gu [17], Choquet-Bruhat & Christodoulou [7], Choquet-Bruhat & Segal
[8], Eardley & Moncrief [10], Ginibre & Velo [15], Glassey & Strauss [16]. In
all these models wave equations appear in a Riemannian geometry setting, the
so called geometric wave equations, where waves do not travel in an Euclidean
space but in a Riemannian manifold like a surface, a Lie group, a warp product
or a homogeneous space. These models pose interesting and challenging prob-
lems from the point of view of non-linear hyperbolic PDEs and thus belong to
one of the mainstreams in the current mathematical research with the aim to
justify or modify the physical theories. For example, the field theory deals with
maps between a Minkowski d 4+ 1-dimensional space-time manifold ¥ and Rie-
mannian manifold M, see e.g. [14]. From the mathematical point of view, the
wave maps, i.e. the solutions of GWEs, are the maps between > and M that
are stationary points of the action functional A(u) = [ [(Juz|* — |us|?)/2 ddt.
Therefore the wave maps could be viewed as semi-classical limits of field theories

and, in local coordinates, they satisfy the following non-linear wave equation

(1.1) Apul = Auf + Ffj(u)aauiaauj, u(0) = ug, u(0) = vp.



We intend to run this part of our project in parallel with general research on
deterministic theory of geometric wave equations. We will concentrate on the
study of stochastic perturbations of wave equations in Riemannian manifolds -
an unexplored area. This a continuation of our previous project that resulted
in a paper [3], as far as we are aware the only one on the subject, in which we
have suggested two natural formulations of the stochastic GWE, proved their
equivalence, as well as the existence and uniqueness of a strong global solution.
The results are valid for every target Riemannian manifold but only for the
(1+ 1) Minkowski space.

The aim of the current paper is to present results from [3] in a more acces-
sible way to specialists in Stochastic PDEs who are not specialist in differential
geometry. Hence special care is taken in logical introducing all necessary ge-
ometric background material. But we also provide different and often clearer
proofs and statements than those presented in [3].

This work was partially supported by EPSRC Grant EP/E01822X/1 and
by by the GACR grant No. 201/07/0237.

2. Necessary background on differential geometry

We assume that the reader is familiar with notions of a differentiable (and
riemannian) manifold, tangent space, vector field. From now we assume that
M is is a compact riemannian manifold. By T,M, p € M, we will denote the
tangent space to M at p, and by 7 : TM — M we will denote the tangent
vector bundle. The space of all smooth vector fields on M, i.e. sections of m,
will be denoted by X(M). The space of all smooth R-valued functions on M
will be denoted by F(M). If I C R is an open interval and v : I — M is a
smooth map, then by 0;y(t) € Ty )M, or simply by +/(t), we will denote the
tangent vector to y at t € I.

One should recall an alternative equivalent definition of a vector field,
namely a vector field on M is a smooth R-linear map X : §(M) — §F(M)
such that

(DO) X(fg) = X(f)g+ fX(g), for all f,g € F(M).



We will exchangeably use these two different approaches to a vector field.
We will list here necessary definitions and theorems that we will later on
use in the paper.

Definition 2.1. [26, Definition 3.9] A connection on a smooth manifold M is
a function V : X(M) x X(M) 35 (X,Y) — VxY € X(M) such that

(D1) foreachY € X(M), themap X(M) > X — VxY € X(M) is §(M)-linear,
(D2) for each X € X(M), the map X(M) >Y — VxY € X(M) is R-linear,
(D3) for all X,Y € X(M) and f € §(M), Vx(fY) = (Xf)Y + fVxY.

VxY is called the covariant derivative of Y with respect to X for the connection
V.

As is explained in [26], the axiom (D1) in view of [26, Proposition 2.2], for
any Y € X(M) and each p € M and each individual tangent vector u € T,,(M),
a tangent vector V,.Y € T,,(M) is well defined. To be precise, V,,Y = VxY(p),
where X € X(M) satisfies X (p) = u.

Let us recall the following fundamental result due to Levi-Civita.

Theorem 2.1. [26, Theorem 3.11] If (M, g) is a riemannian manifold then
there exists a unique connection V on M, called the Levi-Civita connection
such that for all X, Y, Z € X(M),

(D4) [X,Y] = VxY —VyX, (D5) X(Y,Z) = (VxY,Z)+(Y,VxZ), where
Y,Z): M >3p— g,(Y(p), Z(p)) € R.

Let us also recall the following result about differentiating along a curve.
For a smooth map v : I — M we will denote by X() the space of all smooth
vector fields on v and if V' € X(M) then (V,)(t) = V(y(t)), t € I. By F(I) we
will denote the space C*°(I,R).

Proposition 2.1. [26, Proposition 3.18] or [20, Theorem 9.1] Assume that V
is the Levi-Civita connection on a riemannian manifold M. If I C R is an open
interval and v : I — M is a smooth map, then there exists a unique linear map
" X(y) = X(v) such that

(i2) (hZ) = (4)Z + hZ', for all h € F(I), Z € X(v),



(i3) (V3)'(t) =V, (V), t €I for all V € X(M).
Furthermore, (i4) 4(Z,, Z5) = (Z{, Zo) + (Z1, Z3), for all Zy, Zs € X(v).

We will denote Z'(t) by Vg,+)(Z)(t). In particular, if Z(t) = 9yy(t), t € I,
is the velocity field of vy, then Vg, ) (9ry)(t) is called the acceleration of the
curve v at t € I and will be denoted in this paper by D;d;v(t). Please note
that the time variable will sometimes be denoted by s and also that the same

construction works for a space variable z.

Example 2.1 - The euclidean space M = R? equipped with a trivial metric
tensor g is a riemannian manifold. For each p € R?, the tangent space T,R?
is naturally isometrically isomorphic to R?. Hence a vector field on X on R?
is simply a function X : R? — R4, A function V : R? x R? — R? defined by
(VxY)(p) := (d,Y)(X(p)) is the corresponding Levi-Civita connection and is
called the natural connection on R%. In particular, the acceleration of a smooth
curve 7 : I — R? with respect to the natural connection on M = R? satisfies

(2.1) Vo) (0)(t) = 077(t) = 4(t), t € I.

We have now the following fundamental geometric version of integration by

parts formula.
Corollary 2.1. If ¢ : J — R is a smooth function with compact support and
u:J — M is smmoth, then for every Z € X(M),

(2.2) - / 9 () (Opule), Z(u())) de

Jdl'

= /<p(x)<Dw8wu(x),Z(u(x))>dm+/gp(m)(@xu(x),vawu(w)2> dz,
J J

where e.g. (D, 0,u(w), Z(u(x))) = (Dy0xu(w), Z(u()))1, M-

Example 2.2 - Let us fix p,¢ € M and consider a set M, , of all continuous
functions « : [0,1] — M such that v(0) = p, v(1) = g, v is absolutely continuous
and E(y) = fol |0,y(t)|? dt is finite, where [0yy(2)[* = () (Opy(E), Oy (1)), t €
[0,1]. Then, it is known that M, , is a Hilbert manifold and that E is a
smooth map from M, , to R. Using the integration by parts formula (2.2) one



can prove that if v € M, 4 is a stationary point of E, then D.,0;u(t) = 0 for
all t € (0,1).

According to the celebrated Nash embedding Theorem, see [24], since M
is a riemannian manifold, there exist d € N and an isometric embedding
i: M — R% where R? = M is the euclidean space. Hence M can be identified
with its image in R%. In this case, i.e. when M is a riemannian submanifold
of R%, one introduces the second fundamental form A of the submanifold M
of R in such a way that A, : T,M x T,M — N,M, p € M. Here N, is the
normal space to p € M with respect to to the metric in R%. In particular, for
each p € M, RY = T,M & N,M. Then, see [26, p. 100], if X be a vector field
on M, p e M and X is a smooth R-valued extension of X to an R?-open
neighbourhood V of p, then

(2.3) (dpX)(n) = Vo X ® Ap(X(p), 1), 1€ T,M,

where dq)z € Hom(R%, R?) is the Fréchet derivative of X : V — R% at g € V,
V is the Levi-Civita connection on M.
joy: I =M

Moreover, if v : I — M is a smooth curve and X € %M( ) =
~(t ) t € I, then,

and X := i, (X) € X37(7) is defined by X (t) := (dy i) (X(
see [26, Proposition 4.8], for all ¢ € I,

VosX = VorynX ® Ay (X(1(1)), 8v(1)),
(2.4) X(t) X'(t) 4+ Voy 1y X & Ay (X (v(1)), 9y (1)),

where ’ : X7 — X7 and " : Xpr — X are the linear maps whose existence is
guaranteed by Proposition 2.1 and V is the natural connection on M = R? as
in Example 2.1.

In particular, but see also [26, Corollary 4.8], by applying equality (2.1) and
Example 2.1 we infer that for any smooth curve v : I — M, where I C R,

25) D 0yy(t) = Oun(t) — Ay (9y(t), 0py(t)),
Ay (D), 07()) L 8uy(t) — Ay (B (1), (),

Note the following fundamental consequence of the above properties.

(2.6) (Duv(t)= Ay (1) (0ev(1), 0:v(1)), Dy () = 10y () = Ay Oy (D), £ € 1,

tel



where | - | and (-, -) are the norm and the inner product in R
We finish with the following result useful later on. By using a partition of
unity we can find a finite system of vector fields 71, ..., Z; on M such that

k
(2.7) &= Z<£, Zi(p)) Zi(p), peMEeT,M,

where (¢, Z:(p)) = g,(& Zi(p)) and, if M is isometrically embedded in R¢,
(& Zi(p)) = (& Zi(p))ra-

In the latter case let us denote the Euclidean components of the vector Z;
by Z},...,Z¢ ie. Z; = ijl 77 e, where (€)=, is the natural ONB of R*.
Then we have the following simple but important consequence of (2.7).

Proposition 2.2. If the vector fields Z;, i = 1,--- , k satisfy (2.7) then
d .
(2.8) (& Ve(Z]Zi))ej = Ap(€,6), peM, (eT,M.

k
=1

j=11

From properties of the Levi-Civita connection we get the following result.

Lemma 2.1. If the vector fields Z; satisfy (2.7) then

k k
(29) Y (0.VeZ)Zi+ > (0, Z)VeZi =0, n,E€T,M, peM.
=1 =1
PROOF — Let us first show that for every J € X(M)
k k
(2.10) 0= (JVeZi)Zi+ Y (J,Zi)VeZi, p€ M, & € T,M.
=1 =1

By (2.7) we have J(p) = Zlew(p), Z:;(p)YZi(p), p € M. Hence by prop-
erties (D2), (D3) in [26, Def 3.9] we have

k k k
Vel = > Vel Z)Zi) =Y €, Zi)Zi+ > (], Z)VeZ;.
i=1 i=1 i=1
By property (D5) in [26, Thm 3.11] we have for each 1,
§(<J7 Zi>) = <V§J, Zi>ZZ‘+ <J, VgZi>ZZ-.

Since by (2.7) V¢J is equal to Zf:1<V§J, Z)Z; , the result follows.
The equality (2.9) follows from (2.10) by choosing J such that J(p) =n. O



Proof of Proposition 2.2— Let us next extend the vector fields Z; to a small
R%-open neighbourhood V of p € M and denote the extensions by Z;. Then,
(6(Z1), - &(ZD)) = (€(Z1)s - E(Z1) = ((dpZD)Es -+ (dpZD)E) = (dy2)¢
and so by (2.3),

(211)  (&(Z)),--- . &(Z]) = VeZi+ A4p(§, Zip)),  §€T,M, peM.

Let us denote A = (A',..., A") and fix j € {1,--- ,d}. Taking a scalar product
of both sides of (2.11) with ((¢, Z;(p)))¥_,, we obtain, in view of (2.9),

k k
D EENE Zi) + D ZHE VeZi) = A, ).
i=1 i=1
On the other hand by (D3) in [26, Def 3.9], LHS of the above equality is equal
to Zf:1<f, VE(Zij Z;)). Thus, by multiplying the resulting equality by a vector
e; and then summing over j = 1,--- ,d we get identity (2.8) and so we conclude
the proof of Proposition 2.2. 0

3. The SWE on R'*! space-time

In this section we assume that M is a compact riemannian manifold. We
consider the following one-dimensional stochastic wave equation

(3.1) D;0yu = D,0u + Y, (Opu, Opu) W.

where Y is a fiber-preserving C'-class map from TM x TM to TM, where
TM x TM is the cartesian product of the tangent vector bundle T'M by itself.
We assume that (€, F, (Fi)i>0,P) is a probability space, F = (F;)i>0 is a
filtration on it such that F; contains all P-negligible sets, and W = (W (¢)):>0
is a spatially homogeneous F-Wiener process on R whose a spectral measure p
satisfies the following assumptions.

Notation 3.1. If O C R is an open set and k € N then H*(O,R%) denotes
standard Sobolev space of order k. We put H* = H*1(R;RY) @ H*(R;R?),
H := H! and, for R > 0, H% = H*'Y((-R, R);R?) @ H*((—R, R); RY) and
Hp = Hp. If K be a manifold and k € N then a function f : R — K is
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said to belong to HF (R, K) iff (0 o f) € H*(R) for all § € C*(K,R) and
Y € C°(R,R). We also equip Hf (R, K) with the topology induced by the
mappings HE (R,K) > f+ 0o f € HEY(R), € C*(K,R), ¢ € C°(R,R).

Let us denote by & = (S)ier the Cy group of bounded linear operators on the
0
A

restriction of the & to any of the spaces HF, k € N is also a Cy group on

space H°, generated by an operator G := with D(G) = H?. The

H*. The semigroup & acts via well know formulae, see e.g. Section 4 in [27].
Moreover, & extends to a Cy group of linear continuous operators on the space
HE ., and

1]
(3.2) ”StZ”HT,M <ez ||Z||HTa z € Hioc-

Assumptions 3.1. The reproducing kernel Hilbert space H, of the law of
W (1) is contained in H} (R) and for each R > 0 there exists a constants

cr > 0, such that for every j € {0,1} and g € H’(R),

(3-3) 1€ = g &l 7a(m, 15~ r,R) < CRIGIHI(—R.R)-

For the deterministic version of our problem one can consult Shatah &
Struwe [27]. Contrary to the deterministic case, solutions to the stochastic
wave equation cannot be easily defined using local coordinates and so we sug-
gest two possible approaches to this issue. Firstly, we propose the following
definition of intrinsic solution which however is preceded by the following gen-

eral assumptions.

Assumptions 3.2. Functions ug, vy are JFp-measurable random variables
with values in HZ (R, M) and H} (R, TM) respectively such that vo(x,w) €

loc loc

Tuo(zw)yM for all w € Q and z € R.

Definition 3.1. Assume that Assumptions 3.2 are satisfied. A process u :
Ry xR xQ — M is called an intrinsic solution of problem (3.1) with initial
data (3.4), where

(3.4) u(0, +) = wo, dru(t, -) =0 = vo,

provided the following six conditions are satisfied.



11

(i) u(t,x,-) is Fy-measurable for every x € R and every t > 0,
(i) u(-,-,w) belongs to C*(Ry x R; M) for every w € (,

(iii) RT >t u(t,-,w) € H?

fc(R, M) is continuous for every w € €,

(iv) Rt ot — u(t,-,w) € HL .(R,RY) is continuously differentiable for every
w € Q,

(v) u(0,2,w) = up(x,w), du(0,z,w) = vo(z,w) for every xz € R, P-a.s.,
(vi) and for every vector field X on M, and every t > 0 and R > 0, the
following equality holds in L?(—R, R), P almost surely

(Opu(t), X (u(t))) 1,0y M = (vo, X (u0)) T,y M +/0 (Da0zu(s), X (u(s)))r, . M ds
+ / (Oru(3), V(e X1 a1 ds + / (X (u(5)), Yae) (Ostu(s), Dou(s)) AW ()7, ar-
0 0

Remark 3.1 - In view of (2.5) the following are two equivalent differential equa-
tion formulations of the integral equation (3.5). We will not dwell upon this
equivalence in this paper.

(3.5) (Doyu, X (w))r,mr = (DyOpu, X (), pr + (Yo (Oru, Opur) W, X(u)yr, M,
for every vector field X on M.

(3 6) Oy <6tu, X(u)>TuM = <Dxawu7 X(u)>TuM + <8tu, VatuX>TuM+
' + (Yo (Oyu, D) W, X (u)) 1, 01

for every vector field X on M.

Now we propose the following definition of an extrinsic solution.

Definition 3.2. Assume that Assumptions 3.2 are satisfied. A process u :
Ry xR x Q — M is called an extrinsic solution to problem (3.1) with initial
data (3.4), provided the five conditions (i)-(v) from Definition 3.1 are satisfied

and instead of condition (vi) the following one holds
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(vii) for all t > 0 and R > 0 the following equality holds in L?((—R, R),R9),
P almost surely,

u(t) = g —|—/0 [0zau(s) — Ay(s) (O2u(s), 0zu(s)) + Aus)(Osuls), Osu(s))] ds

(3.7) + /0Yu(s)(('?su(s),8xu(s))dW(s).

Remark 3.2 - Let us observe that equation (3.7) is a mild form of the following

equation
(3.8) Ottt = Ot — Ay (U, ty) + Ay(ug, ur) + Yy (Oru, Ozu) W

We begin our exposition with the following result that shows that in fact our

two definitions of a solution are equivalent.

Theorem 3.1. Assume that the spatially homogeneous F-Wiener process W =
(W(t))i>0 on R satisfying Assumption 3.1. Suppose also that M is a compact
submanifold of R as in Definition 3.2. Assume that Assumptions 3.2 are satis-
fied. Then a process u : Ry x R x  — M is an intrinsic solution to problem

(3.4) if and only if it is an extrinsic solution to the same problem.

The above result justifies the use on a notion solution to problem (3.4).
Next we formulate the main result of this part of the paper.

Theorem 3.2. Assume that the vector bundles homomorphism Y : TM x
TM — TM is of C' class such that both Y and TY are uniformly of linear
growth on the fibers, i.e. there exists C' > 0 such that forallp € M, {,n € T,M
and &,n; € T,M, i =1,2,

A

(3.9) Yol&mlnar < C(L+ [€lrar + nlr,an),
(310) |dge, &Y (nmsm)l < C[(1+ Il + €l ] + Il + Ina] .

Then there exists an F-adapted process u = (u(t))t>0 such that v is a

solution to problem (refequal) with the initial data (3.4).

15 and @ = (a(t))t20
process such that for some R > T > 0 the following conditions are satisfied,

Moreover, suppose that u = (u(t)) are two F-adapted

P-almost surely,
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(e1) The paths of both u and u are H?((—R, R); R%)-valued continuous;

(#2) The paths of both u and @ are H((—R, R); R%)-valued continuously dif-

ferentiable;
(e3) Both u(t,z,w) and u(t,x,w) belong to M for all x € (—R, R), t € [0,T),
(e4) u(0,z,w) = u(0, z,w) = ug(z,w) for all x € (—R, R),
(¢5) Owu(0, z,w) = vo(z,w) for all z € (—R, R),

(e6) Both u and u satisfy the equation (3.7) in L*((—R, R);R%) for all t €
[0,R).

Then u(t, z,w) = u(t,z,w) for all z € (—(R—1t),R—t) and t € [0,T), P-almost

surely.

The following Lemma about energy inequalities, which can be seen as a
stochastic analogue of energy estimates for solutions of wave equations, for
solutions of linear wave equations with an additive noise plays a fundamental

role in our proofs.

Proposition 3.1. Assume that T > 0, k € N and U is a Hilbert space. Let W
be a U-cylindrical F-Wiener process. Let f and g be progressively measurable
processes with values in H*(R; R?) and Lo (U, H*(R; R)) respectively such that

T
1) (O + Mo na } ds < o0

almost surely. Let zp : Q — H¥ be Fy-measurable and let z = z(t), t € [0,T]
be an H*-valued continuous process satisfying the following integral equation

t

(3.12) z(t) :Stzo+/0 Si—s(0, f(s)) ds+/0 Si—s(0,g(s)) dW(s), t € [0,T].

Given A\ > 0 and x € RY, we define the energy function e : [0,T] x H* — R*
by, for z = (u,v) € HF,
(3.13)

k
1
e(t,z) = 3 {)‘luEz(B(x,Tt)) + Z [|D£6+1u|%2(3(x,T7t)) + |Dgﬂv|%2(B(z,T7t)):| } .
1=0
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Assume that L : [0,00) — R is a non-decreasing C*-class function and
define the second energy function E : [0,T] x H* — R, by

E(t,z) = L(e(t, 2)), z = (u,v) € H*.
and let a function V : [0, T] x H* — R be defined by, for (t,z) € R x H*,
Vit,z) = L'e(t,2)) [Mu,v)r2(B@,r-1) + (v, f(O) gk (B1—1))]
b Lt IO i, e 5o -y + 5 1 (€6 D00l

Then E : [0, T] x H* — R is continuous function and for every t € [0,T],
t
E(t, z(t)) < E(0,z2) +/ V(r, z(r)) dr
0
t
(3.19) [ Kl ) 0. 9 W e e

Remark 3.3 - Tt can be shown that if an H!-valued process z = (u,v) satisfies
the integral equation (3.12) then the H?(R,R¢)-valued process u satisfies for
all t > 0in L?(R,R%), P almost surely,

(3.15)  Bult) = vo + /O [Duotu(s) + £(s)] ds + /O o(s) AW (s).

And vice versa, if the H2(R, RY)-valued process u satisfies (3.15), then the #!-
valued process z = (u, Oyu) satisfies the integral equation (3.12). In particular,
if Assumptions 3.2 are satisfied and process u : Ry x R x @ — M satisfies the
five conditions (i)-(v) from Definition 3.1 then it satisfies condition (vii) from

Definition 3.2 iff a process z = (u, dyu) satisfies the following condition:

(viii) For all ¢+ > 0 and R > 0 the following equality holds in L?((—R, R), R%),
P almost surely,

z2(t) = Sizo+ /0 Si—s(0, —Ay(s) (Opu(s), Oyu(s)) + Au(s)(Osu(s), Osu(s))) ds

(3.16) —|—/O St—s(0, Y5 (Osu(s), dyu(s))) dW (s).
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We will also need the following generalization of It6 Lemma, see [3, Lemma
6.5].

Lemma 3.1. Let U and K be separable Hilbert spaces, and let f and g be
progressively measurable processes with values in K and T2(U, K) respectively,
such that

T
/0 {|f(s)|K + ||g(s)||%—2(U’K)} ds < oo almost surely.

For some K-valued Fy-measurable random variable ¢ define a process z by

z(t) = S€ —1—/0 Si—sf(s)ds —1—/0 Si—sg(s) dW (s), t € [0,T],

where W' is a cylindrical Wiener process on U, and (S;);>0 is a Co-semigroup
on K with an infinitesimal generator A. Let V be another separable Hilbert
space and let (T});>0 be a Cy-semigroup on V with an infinitesimal generator B.
Suppose that Q : K — V is a C%-smooth function such that Q[D(A)] C D(B)
and there exists a continuous function F : K — V such that

(3.17) Q'(2)Az = BQ(z) + F(z), z € D(A).

Then, for all t > 0,
Qi) = TQE)+ / Ty oQ/(2(s))g(s) AW (5)

[ T [QE) )+ Ples) + 3@ (:(0)) o (0(s).0(5)] s

4. Elements of proofs

The basic idea of the proof of the main result comes from [18] and [1]. The
nonlinearities A and Y in the equation (3.8) are extended from their domains
(products of tangent bundles) to the ambient space, and thus we obtain a
classical SPDE in a Euclidean space for which existence of global solutions is

known. However our proof of the existence of the manifold valued solutions
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requires, that from the many extensions that can be constructed, we choose
those which satisfy certain “symmetry” properties.

Let us denote by T'M and NM the tangent and the normal bundle respec-
tively, and denote by £ the exponential function TR? > (p,&) — p + ¢ € R?
relative to the riemannian manifold R? equipped with the standard Euclidean
metric. The following result about tubular neighbourhood of M can be found
in [26], see Proposition 7.26, p. 200.

Proposition 4.1. There exists an R%-open neighbourhood O of M and an
NM-open neighbourhood V' around the set {(p,0) € NM : p € M} such
that the restriction of the exponential map €|y : V — O is a diffeomorphism.
Moreover, V' can be chosen in such a way that (p,t§) € V whenever t € [—1,1]
and (p,&) € V.

Remark 4.1 - In what follows, we will denote the diffeomorphism £|y : V — O
by &, unless there is a danger of ambiguity.
Denote by i : NM — NM the diffeomorphism (p, &) — (p,—¢) and define

(4.1) h=Eocio&™:0— 0.

The function A defined above is an involution on the normal neighbourhood O
of M and corresponds to multiplication by —1 in the fibers, having precisely
M for its fixed point set. The identification of the manifold M as a fixed
point set of a smooth function enables to prove that solutions of heat equations
with initial values on the manifold remain thereon, see [18] for deterministic
heat equations in manifolds and [1] for stochastic heat equations in manifolds.
Employing a partition of unity argument we may assume that h : R? — R? is
such that properties (1)-(5) of Corollary 4.1 are valid on O. Therefore, it is
without loss of generality to assume that the function h is defined on the whole
R4,

Corollary 4.1. The function h has the following properties: (i) h: O — O is
a diffeomorphism, (ii) h(h(q)) = q for every q € O, (iii) if ¢ € O, then h(q) = q
if and only if ¢ € M, (iv) if p € M, then h'(p)§ = &, provided ¢ € T,M and
K (p)§ = —¢, provided £ € N,M.
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Next we define, for ¢ € R? and a,b € R?,
1
(42) Bq(a’a b) = dgh’(a’a b)7 -Aq ((Z, b) = iBh(q) (h/(Q)av h/ (q)b)

Let us recall that the second fundamental form A was introduced around
the formula (2.3). We will be studying problem (3.7) with A replaced by A.
The following result is essential for our paper.

Proposition 4.2. If p € M and q € O, then

1
(4.3) Ap(&??) = in(a,b) = Ap(ﬁm), §&neTyM,

(4.4) Ap (W (@)a, ' (q)b) = K (q)Aq(a,b) + Byla,b), a,beR™

PROOF — Let p € M, £ € T,M and let X be a vector field on M defined
around p such that X(p) = &, and let X be a smooth Re-valued extension
of X to aln R%open neighbourhood V' of p. Define next a smooth R%-valued
function Y by Y(¢) = h/(¢)X(q), ¢ € V. Then by (iv) in Corollary 4.1, Y is
an extension of X, i.e. Y(q) = X(q) = )N((q), g € M NV. Hence, for each
geMNVandneT,M, (d,Y)(n) = (dq)?)(n) and moreover by (2.3)

(dpY)(n) = VX + Ap(X(p),n) = VX + Ap(&,n), n € T, M.
On the other hand, by (2.3) and Corollary 4.1, for n € T, M,

(dpY)(n) = By(&n)+ 1 (p)(dyX)(m)
= Bp(fﬂ?) + h/(p) [an + Ap(f7 n)] = Bp(fv’?) + VX — Ap(fﬂ?)-

Thus, by Corollary 4.1, for n € T, M,

Ap(&,m) = %Bmm(h’(p)&h’(p)n) = %Bp(f,n) = Ap(&:m).

For the second part, we have by definition and by Corollary 4.1 that

Ant (W (a)a, 1 (@)8) = 5 Bucacan (W' (@)W (q)a, ' (h(a) W' (a)6) = 3 Byfa, D)
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On the other hand, by the Leibnitz formula® applied to the equality ho h = id
on O, from (ii) in Corollary 4.1 we infer that

Bh(q)(h/(Q)aa hl(‘])b) = 7hl(h(q))Bq(aa b)

Hence, since h'(q)h’(h(q)) = id, we infer that

1 1
W' (@)Aq(a,b) + Bq(a, b) = —5h'(a)h'(h(q)) By (a, b) + By(a, b) = 5 By(a,b)
what completes the proof. O

To this end, let m,, p € M be the orthogonal projection of R? to oM
and let us define v;;(p) = Ap(mpe;, mpe;) for 4,5 € {1,...,n} and extend the
functions v;; = vj; smoothly to the whole R?. The following result is just [3,
Lemma 10.1].

Lemma 4.1. Let v : (a,b) — M, where (a,b) C R, be an H'-smooth curve on
M, and let X, Z be H'-smooth vector fields along . Then, for a.a. = € (a,b),

45)  (0.X0.[4,(2,2)) = D (0.X,0k0i;(1)0:1* 21 2%)
‘7j

- QZ<X,8kvij(v)8ﬂ’“azzizj>.
i.J

Now we will shortly recall the construction of extensions of vector fields on
M to vector fields on O from [18], c¢f. [5]. To this end, let us define a new

riemannian metric g on O by
(46) gq(a'a b) = <Cl, b>]Rd + <h’/(Q)a7 h/(Q)b>Rda qe 0, abe R%
Remark 4.2 - h: (0O,g) — (O, g) is an isometric diffeomorphism.

If ¢ € O then, by Proposition 4.1, there exists a unique (p,£) € V such
that ¢ = E(p,&). We will write p(q) = p for this dependence. Moreover, also
by Proposition 4.1, £(p,t&) € O for t € [0,1]. Hence we can define the curve

2If E,F,G are Banach spaces and f : E — F, g : F — G are of twice differen-
tiable at resp. a € E and f(a), then (d2(g o f))(z1,z2) = (d?(a)g)((daf)a:h(daf)azz) +
(df(a)g)(dgf(:vl,xz)), for all z1,22 € E.
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Vg 1 [0,1] 3t = E(p,t€) € O. If a € R? and (X (t))sep0,1), X(0) = a is the
parallel translation of a along v, in (O, g) then we denote by P,a the endpoint
vector X (1).

Proposition 4.3. [3, Proposition 3.9] P : O — LB°™(R" R") is a smooth
function. Moreover, P, = I for ¢ € M and

h'(q)Py = Py’ (p(q)),  q€O.

Due to this setting, it is possible to extend conveniently various mappings
defined on the manifold M to its neighbourhood O, cf. [5].

For example, we have the following technical result whose proof can be
found in [3].

Proposition 4.4. If R : (TM)* — TM is a vector bundle homomorphism,
then there exists an extension R of R the whole space R¢ which satisfies, for
allg€ O and ay,...,a; € R?

(4.7) éq(al, coag) = Pqu(q)(Wp(q)P(;lal, ceey Wp(q)P(;lak) € Rd,

(4.8)  Rpg(P'(q)ar, ..., (q)ar) = W' (¢)Re(as, ..., ar),

where for p € M, 7, is the orthogonal projection from R? to T,,M. Moreover,
if R is smooth then so is R.

5. Approximated Non-linearities
5.1. Existence of approximate solutions

Since we expect that the solutions of the equation (3.8) live on the manifold
M, we cannot expect them to belong to the Hilbert space H?(R)® H(R), and,
accordingly with the PDE theory, they will take values rather in the Fréchet
(R)&H, .(R). To overcome the problem with Bochner and stochastic
integration which is not available in Fréchet spaces, we localize the problem by

space HIQOC
a series of non-linear wave equations.

Let us fix T'> 0, r > 2T and kK € N. Let ¢ = ¢, : R — R be a smooth
compactly supported function such that ¢ = 1 on (—r,r). Let us recall, see e.g.
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[22] that there exists a linear bounded operator E* : H'(—1,1) — H'(R) such
that (i) E¥f = f almost everywhere on (—1,1) whenever f € H'(—1,1), (ii)
E!'f vanishes outside of (—2,2) whenever f € H'(—1,1), (iii)) E'f € C*(R),
if f € C'([-1,1]) and (iv) there exists a unique extension of E' to a bounded
linear operator from H°(—1,1) to H°(R). Let, for r > 0 an operator E} :
HI(—r,r) — HI(R), j = 0,1 be defined following formula

(5.1 (BNE ={E'FENE),  aeR feH (-rr),j=0,L

In a similar manner we define extension operators EZ.

Note that the tangent bundle TR is isomorphic to R x R? and the cartesian
product bundle TR? x TR? is isomorphic to R? x R x R?. Using the formula
(4.7) and Proposition 4.4 we can find an extension Y : R? x R x R? — RY of
the original fiber bundle homomorphism Y : TM x T'M — T'M such that

(5.2) Yh(q)(h/(Q)ala h/(Q)az) = h/(Q)KJ(alva2)7 qe€0, aja€ R%.

Let us fix r > T > 0. We define, with the notational convention that
z=(u,v) € H,maps F" = (0,9") : [0, T|xH — H,G" = (0,T") : [0,T] xH —
To(Hy  H) and Q, : H 2 z — (¢-h(u), -h'(u)v) € H by the following formulae,

(
(I):(Z) = Erlft[Au(vvv) ( a:aua:)]7 (F:(z))g = (EiftYu(vvuw))ga 5 € Hu-

Next, we define a map F, ;. : [0,7] x H — H (and by analogous formula a map
G, :[0,T] x H — T2(Hyu, H)) by

Fi(2), if |zly,_, <k,
FiE(z) = (2= flzbe) Fi(2), i k< |zl < 2K,
0, it 2k <|zln,_,

We begin with the following result which follows directly from Corollary 4.1
parts (3) and (4) and the definitions of the functions @, and .

Lemma 5.1. If z = (u,v) € H is such that u(s) € M and v(s) € Ty M for
|s| < r, then Q.(z) = z on (—r,r).

Lemma 5.2. Let k € N. Then the functions ", F, ., G", G, are continuous
and there exists a constant C,j, such that for all t € [0,T] and z,w € H

k K k &
[Fy7(2) = FP (W)l + 1IGPH(2) — GYH (W)l (m,,00) < Crolz — wlae, -



21

The following result is a direct consequence of the above Lemma 5.2 and
e.g. Theorem 7.4 in [9]. We fix initial data wug,Vp as in Assumptions 3.2
and for each r > 0 define H-valued Fy-measurable random variable &, by
& = (B} (uo), B} (v)).

Corollary 5.1. There exists a unique H-valued continuous process z,j =
(Ur ko, U k) satisfying EfOT |zrk(t)]3,ds < oo and such that for all t € [0,T],
P-a.s.

(5.3) 2z i(t) = Si&r +/O St_SFZ’k(th(s)) ds +/O St_SGZ’k(znk(s)) dW (s).

We will apply Lemma 3.1 to the process and the function z,j and the
function Q,. Thus we need to check that the assumptions are satisfied. We
begin with the question of regularity of Q,..

From the Sobolev embedding H'(R) C Cj(R) in conjunction with Assump-
tion (3.1) we get the following result.

Lemma 5.3. The map Q, is of C%-class and, with z = (u,v),w,0 € H, it
satisfies

Qw = (p- W' - (W), w") + 1 (@)w?),
Qw0 = (o0 w0, 1" (), 0")

R () (1", 6%) + " () (w2, 61)] )

In particular, for all (u,v) € H and w € H, we have

(5.4) Q! (u,v)(0,w)

( (Ov L2 h/(u)w)7
(5.5) Q;' (u, v)((0,w), (0,w))

0

Moreover, Q!.(2)A(z) = AQ,(z) + L.(2), z € H, where, with B being the map
defined in (4.2), L, : H — H is defined by

L.(z) = (0’ ©Bu(v,v) = By (g, uz) — Qra - h(u) + 2, - h'(u)uz)

Define now the following two auxiliary functions F= (0, %) : [0,T] x
/ rk sk .k
H o (t,z) — Q.(2)(Fy"(2)) + Ly(z) € Hand G~ = (0,T7F) : [0,T] x H >
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(t,z) = Q.(2) o G*(2) € Ta(H,,H). In particular, if » > ¢ and |2| < r —t,
then

(5.6) SM(2) = K()FFM2(2) + Bulv,v) = Bu(ua, us),

(5.7) IP(z) = W(w)(T7"(2)).

~r.k
This leadz to the following result that rigorously expresses the fact that F ,
resp. G is the push forward by Q of F™*, resp. G™*, provided |z < r — t.

Proposition 5.1. If r > ¢, then on (—(r —t),r — t),

.k r.k

(5.8) F(x) = FNQ(2), G (2)=GMQi(2)).

Proof of Proposition 5.1- We begin with the second identity. In view of
(5.4) it is enough to consider the second coordinates. By the invariance property
of the vector field Y, see (5.2) and identities (5.4) and (5.7) we have,

IPF(z) = W(u) ol (2) = I (u) 0 Yul(v,uz) = Vi (W (v), ' (uz))
= Vi (W' (0), [M(w)]2)) = Yo (Qr(2)) = T7H(Q(2)),
what proves the first part (5.8). To prove the second we argue analogously but
using (4.4) instead of (5.2) we have
drF(2) = B (w7 (2) + Bu(v,v) — By(ug, ug)
= W(w)Au(v,v) = ' (u)Aug, ue) + Bu(v,v) — Bu(us, tz)
= (W) Au(0,0) + By(0,0) = 1 () Ay (i, 0) + Bultta, 0,)|
= Ay (W (@, B (u)v) = A (B () ue, b (u)ug)
= Apquy (I (v, 1 (u)v) = An(uy (h o w)a, (hou)s) = T (t, Qp(2)).
O

(
(

Let us also observe that it follows from Lemma 5.3 that the assumptions of
Lemma 3.1 are satisfied with the linear operator B being equal to A and the
trace term equal to 0. Thus we have the following fundamental result in which

the process z,j is defined by the following formuala

E’r,k =Q,o0 Zrk-
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Corollary 5.2. Let z.j be the solution to (5.3) as in Corollary 5.1. Then for
all t € [0, 7], P-a.s.,
(5.9)

t ~r t ~7r
gr,k(t) = 5:Q. (&) +/0 Ststs,k(Zr,k(s)) ds +/0 Ststs’k(Zr,k(S)) dW (s).

5.2. Approximate solutions stay on the manifold

Let z, 1, = (ur i, vr i) be the solution to problem (5.3) and let us define, for

each k € N, the following four functions from  to [0, cc].

o =inf{t € [0,T] : |21 (t)|n,_, > K},

2 =inf{t€[0,T): |z k)]s, , >k},

2 =if{t€[0,T]: 3z e[—(r—1t),r —t]: up(t,x) & O},
Ty = ’7',% A le A ’T]:;’.

Lemma 5.4. Each of the functions T]z, 7=1,2,3, 7 €N, is a stopping time.

Proor — The process z,; is continuous H,_;-valued and so the process
[0,T] 3t~ |2, x(t)|n,_, € R_ is also continuous. Since 7} is the first exit time
of the latter from the closed set [0, k] and the filtration I is right-continuous,
by Proposition 2.1.6 in [11], we infer that it is a stopping time. The same
argument applies to 7']?.

Finally, let us observe that since u, j is a jointly continuous process in (¢, z),
so 72 is equal to the first exit time of the continuous F-adapted process B from
the closed set {0}, where

B(t) = inf{dist(u, x(t,z), R\ O) : [z| <7 —t}, t €[0,T].

For each k € N we define an auxiliary process aj by
t
ap(t) = Si& —|—/ St,sl[oﬂ)(S)Fg’k(zr’k(s)) ds
0
t
+ / St s1i0me) (5)GE (204 (5)) AW (s), £ € [0,T].
0

~r.k ~r.k
Similarly, by replacing resp. &, F™* and G by resp. Q,(&,), F and G we
define another auxiliary process ay.
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Proposition 5.2. The process ay, j, zrk and Zz,j coincide on [0, 7y) almost
surely. In particular, u,(t,z) € M for |x| <r—t and t € [0, 7] almost surely.
Consequently, 7, = 7t =17 < 7.

PROOF — As in [19], since (S;) is a Cp-group and so S;_g = Sy 0o S_;, the
convolution integrals can be simply transformed into Itd integrals. Hence, by
equalities (5.9) and (5.3) we infer that ay = 2z, and ap = Z., on [0, 7). Now
by Proposition 5.1 we infer that for all s € [0,T], z € [—(r — s8),r — 5], P-a.s.

1o F ok ()]@) = 1o () FLF k()] ()
1oy ()G Gra(6)e (@) = Loy ()CIF Gr(s)el(@), e € H,.

Therefore, if p(t) = |ax(t) — ar(t)l3, ,, t € [0,T], then the stopped (at 7%)
process s — p(s A7), s € [0,T], is continuous and uniformly bounded. Note
that since & = Q,(&) on (—r,7), p(0) = 0. Moreover, by Proposition 3.1 and
Lemma 5.2, we can find a continuous local martingale I with 7(0) = 0 such
that for all k£ € N,

t t
ptAT) < 2 / (s A7) ds + 20 / Loy (82 (s) — Fon(s) 2, ds
0 0
t
+ I(tAT) §2(C+1)/ p(s A7g)ds +I(tATL), t€10,T).
0

Let (0j)jen be a sequence of stopping times that localizes I. Then for all
j,keN

t
p(t/\Tk/\aj)SQ(C—i—l)/ p(s AT Noj)ds +I(t AT Aoj)
0

and so by taking the expectation and then applying the the Gronwall lemma,
we infer that p = 0 on [0, 7, Ao ;| almost surely. By taking j — oo limit we arrive
at a conclusion that p = 0 on [0, 7] almost surely. In other words, ar = a
on [0,7;] P-a.s. and hence P-a.s. z, = Z on [0,7x] as well. Consequently,
P-a.s. u, 1 (t,z) € O and u, 1 (t, ) = h(u, k(t,x)) for |z| <r —tand t € [0, 7%].
Hence, by Corollary 4.1, P-a.s. u,(¢t,2) € M for |z| < r —+¢ and ¢ € [0, 7%].
Consequently, 7, < 72 and so 7, = 7} A 72. Finally, since p = 0 on [0, 7] we
infer that 7} = 2. O
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5.3. The Approximate solutions extend each other

Proposition 5.3. Let k € N. Then 2, j41(t,x,w) = 2, (¢, x,w) on |z| <r—t,
t € [0, 7, (w)], and 1 (w) < 741 (w) almost surely.

PrOOF — Define now a process p by p(t) = [2rk+1(t) =2k () Fr1(,_yar2(r—t»
t € [0,7] and apply Proposition 3.1. Since p(0) = 0 we can find continuous
local martingale I satisfying I(0) = 0 such that for all ¢ € [0,T], P-a.s.

t t
p(t) < / 2p(s) ds + / Loome )@ (ris1) = Toomey (5) @ (2r) ooy ds

t
+ /0 |1[O,‘rk+1)rr(2r,k+1) - 1[07Tk)FT(zT7k)|%’2(H“,L2(7‘75)) ds +1(t).

By the localization technique alreaday used in the proof of Proposition 5.2 we
infer that p = 0 on [0, Tx41 A 7). Hence by the definition of 7%, 7 < Tr41.
Indeed, if |&|3, > k+ 1 then 741 = 7 = 0 and if if & < ||, < b+ 1
then 7441 > 0 and 7, = 0. Thus, one can assume that |&.|y,. < k. If 741
were smaller than 75, then by the just proved property we would have z, ;(t) =
zr k41 (t) for ¢ € [0, 7q1]. Hence |21 (0)|3¢, <k and [zrp(Tht1) |2, ,, 2 k41
and therefore we can find ¢ € [0,7;41) such that |z.,(¢)|s, , = k + 3. This
implies that 7, < ¢ and this contradicts the assumption that 741 < 7. The

proof is complete. O

The stopping times (7) are non-decreasing by Proposition 5.3, and so we can
denote by 7 the limit of (r3). Moreover, we can define a process Z.(t,x),
t €[0,7), |z <r—tby Z(t,z,w) = z-k(t,z,w) provided k is so large that
Tr(w) = t. Denote z,(t, z) = (u,(t,x), 0-(¢, 7)), |z| < r—t. Note that z.(¢,-) €

‘H,—_¢ and therefore, the following is a correct definition of an H-valued process:
(5.10) 2 (t) = (EZ_ytn(t), E}_00(t)), t € [0,7).

In the following two subsections we will show that 7 = T P-a.s. and then
that the process z, = (gr(t))te[o,T)
data &.. Next, if T < r1 < rq, then &, = &, on [—r1,71] and so by the
uniqueness part of Theorem 3.2 (or rather by the same proof) it follows that
Zr, (t,2) = Zpy(t,x) for t € [0,T] and || < r; —¢. In this way can define a

is a solution to problem (3.16) with initial
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process Z = (Z(t))ico,r) by 2(t, z,w) = Z.(t,z,w) provided 7 is so large that
r > || +¢t. In the subsection 5.5 we will show that Z satisfies the condition
(viii), in particular equality (3.16) in Remark 3.3.

5.4. No explosion for approximate solutions

Proposition 5.4. 7 =T almost surely.

PROOF — We first notice that due to the Chojnowska-Michalik Theorem,
see [6] or Theorem 12 in [25], we have, for t € [0,T7,
(5.11)

zmwz@ﬁéwm@w+AFﬁmnm@+AGﬁmﬂmmwa

In particular, with the integral converging in H!(R), we have

mMﬂ=ﬁW@f£wﬂ$®J€Mﬂ'

Hence, as by the Sobolev embedding Theorem H!(R) < C,(R), we infer that
Oy i (t, ) = v (¢, x) for all ¢ € [0,T] and = € R, almost surely.

Next we define, for t > 0, I(t) = |ax(t) 3-19,,5’ q(t) = log(1 + |ax(t)[F, _,) and
o(t) = Aur,k(t) (Ur,k(t)a ”T,k(t)) - Aur,k(t)(afur7k5(t)’ 8rur,k(t))-

By applying Proposition 3.1 and Lemma 5.2 we can find continuous local
martingales Jy, J1 with J5(0) = J1(0) = 0 such that for all ¢ € [0, 7], almost
surely,

1(t) Sl@+AK@®+AHwMWWH$ﬂ$mmHMS

t
G20+ [ Vo (NG kD) B, a5,y s+ ol

b Jag(s)]3 ¢ vk (5),0(8)) L2(B, .
) < q(0)+/0 JTdSJr/ o ()" 7]1€(+)|;i((5))>%(3 Lds
K Oz Uy,
19 /0 o) kl(-zak[(i)( Mo
' IG* (zr k()17 a1,
+ /0 107, (s 1+|sk($)|%:(H, M ds + Iy (8).
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Now, by Proposition 5.2, if |z| < r—s and s < 7 (w), then u, (s, z,w) € M
(s,0.) M-
Hence, by Proposition 4.2, almost surely on |z| <r — s and s < 7 (w),

and 80 urx(s,r,w) € M and Ou, x(s,r,w) = vrg(s,z,w) € Ty,

Au, i (s,2) 0k (8, T,0), ek (5, 2,0)) = Ay, (s,0) (Vr (8, T), vr i (5, 7)),

Auhk(s,m) (a:vur7k(57 l‘), awu’r7k(87 .T)) = Aur’k(s,z) (8wur7k(37 x)a awunk(sa -T))

Finally, since v,y € Ty, M and Ay, (s,2)(02tr (5, ), Optir i (8, 2)) € Ny, , M,
we infer that the integrands in the second integrals in (5.12) and (5.13) is equal
to zero.

Also, by Lemma 5.2, for all s > 0,

IN

Lo, ()G (e ()7, (11, 200 Crliom)(8)(1+1(s))
Lo,y (G (kN a1, < Crlomn) (5)(1+1()) (1 + |ar(s)

A

Hol)-

Therefore, inequality (5.12) becomes

1(t) <1(0) + C, /t(l +1(s))ds + Jo(t), t > 0.
0

In the same way as in subsection 5.2 by employing the localization argument,
we can prove that for each j € N there exists a constant K, ; such that with
B ={weQ:[&(w)|n, <j},one has

(5.14) Elp,[1 +1(t ATy)] < K,j, te[0,T], jeN.

In order to deal with the third integral in (5.13) let us denote its integrand
by ((s). By applying the Gagliardo-Nirenberg inequalities, see e.g. [13], we can
show that [((s)| < Cljg-,)(s)(1 +1(s)), s > 0. Hence inequality (5.13) turns
into ]

q(t) <1+4¢(0) + Cr/ [1+1(s)]ds+ Ji(t), t > 0.
0

As in the proof of inequality (5.14), by employing the localization argument
and using (5.14), we can prove that for each j € N there exists a constant C, ;
such that

(515) Elqu(t AN Tk) < Or,j, te [O,T], jeN.
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Let us now fix ¢t € [0,T). Then, since 1¢,, <y|ax(7h)|n
infer that

> kl{‘rkgt}a we

=T

(5.16) log(1+ k*)P ({rx <t} N B;) <Elp,qt A1) < Chj.

Since 1, ' 7 as k — oo, from (5.16) we infer that for all ¢t € [0,7T), j € N,
P({r <t} N B;j) = 0 what in turn implies that 7 = 7" almost surely. This
completes the proof. O

5.5. Proof of the existence part of Theorem 3.2

This proof is continuations of our argument from the end of subsection 5.3.

Let us fix R, T > 0 and r > T+ R. Since by (5.11), for t € [0,T], H°, 2, x(tA
) = §T—|—f0tAT’c Gz i( ds—l—fo/\n‘ F7 (2 i ( ds—l—fo/\ﬂ“ G (2r1(s)) dW (s). Re-
stricting to the interval (— R, R) and applylng the natural projection from H° to
HY the last equality becomes Z,. (tATy) §T+fMTk Gzy(s)ds+ [, AT (7,(s)) ds+
fgmk G (2.(s)) dW (s), in H%, . Since 7 /T, we infer that in the H% sense,
for all t € [0,7),

(517) 5(t) =& + / Gz, (s) ds + / F7(5(s)) ds + / G (5, (s)) AW (s).

In particular, denoting Z = (G, ) and & = (uf,v}), we have in H'(—R, R),
ar(t) = uf + fo U-(s)ds. Therefore, for t € [0,T], in the L?(—R, R) sense,
op(t) = vg + fo [ xzu7(s) + Aag,(s) (0r(s),0r(s)) — Aa,,.(s)(azﬂr(s)vaac'ar(s))] ds
+ fg Y, (s)(0r(8), 021 (s)) dW(s). In the formula above, we can already put in
A because U, (t, ) = up(t,x) € M for |z| <r—tand ¢ € [0,T] by Propositions
5.2 and 5.4. Finally, we notice that in view of the definition of the process z,
z(t) = z-(t) on (=R, R) for t € [0,T]. Therefore, from the last two equalities
we infer that the process z = (u,v) satisfies the condition (vii) in Definition

3.2. This concludes the proof of the existence part of Theorem 3.2. (]

5.6. Proof of the uniqueness of Theorem 3.2

Let us fix R > T > 0 and consider processes u and u satisfying the condi-
tions (e1)-(e6) listed in Theorem 3.2. Define an H-valued continuous processes
Z = (uf', o), Z = (a®, %) by formula Z(t,w) := (Eju(t,w), ERou(t,w)), t €
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[0, T] and analogously Z. For k € N let us define a stopping time oy, := inf {t €
[0,7) : max{|Z(t)|3s_,>|Z(t)|#s_,} > k} and an H-valued continuous process
B(t) = Si(Z(0))+Jy St-sLio,0) ($)FEF(Z(5)) ds+ [y Sts1j0,000 (5)GLF(Z(s)) ds,
t € [0,7]. Then by Remark 3.3 the process uf satisfies the equality (3.15)
with vo = v#(0), f(s) = lj0p(s)FL*(Z(s)) and g(s) = GLF(Z(s)), for
s € [0,7]. By the defintions of o, F™** and G™* we infer that for s € [0, 77,
9(8) = 110,04) (8)Yu(s) (Osu(s), Ozu(s)) and f(s) = Lo o) () Au(s) (Osu(s), Osu(s))
— Au(s)(0:U(s),0:U(s)). Hence, the process U(t) := u(t) — u"(t), solves the
following homogenous deterministic wave equation

(5.18) U (t) = u;(0) — v™(0) + /t 0.zU(8) ds, t € [0,0p].
0

Note that u:(0,7) —v®(0,2) = 0 for all z € [~ R, R]. Therefore, by the classical
uniqueness result for deterministic wave equations (e.g. Chapter II, section 6
in [28]) we infer that U(t,z,w) = 0 for |z|] < R —t, t < ox(w) almost surely.
The same argument is valid for the process @ and we can denote all object by
addition of 7 e.g.

If we define ¢(t) = |3(t) — B(t)[5,,_,» by applying Proposition 3.1 we can
find a continuous local martingale I is satisfying I(0) = 0 such that

atna) < [ " 2q(s) + [FR*(Z(s)) - FRH(Z(s)),] ds + I(t A o)

tAok _
+ /O IGH*(Z(s)) = GIHZ(3))7; (s, 20 ds, t € [0,T).

Lemma 5.2 implies that ¢(t A ox) < OMU’“ Cq(s)ds + I(t A op). By the lo-

calization argument we get Eq(t A o) < f(f CEq(s A oy)ds, t € [0,T] and
so by the Gronwall Lemma we infer that ¢ = 0 on [0,04). Hence, since
q(t) > 1po,0p)lult) — ﬂ(t)ﬁg(f(th)’th). Passing with k to infinity, we obtain
that u(t, z,w) = u(t,z,w) for |x| < R —t, t € [0,T] as claimed. O

5.7. Equivalence of two definitions - Proof of Theorem 3.1

Assume that u is an extrinsic solution. Let X be a vector field on M, R > 0
and O = (—R, R). Then, by (2.4) we have, in the H'(O;R?) sense,

(5.19) X (u(t)) = X (uo) + /0 (Voru X + Aue) (X (u(s)), dyu(s))) ds, t > 0.
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Hence, by applying the Itd6 Lemma, see e.g. Theorem 4.17 in [9], to equalities
(5.19)-(3.7) and a function ¢ : H'(O) x L*(0) 5 (u,v) — (u,v)12(0) € R we
infer that

(Ou(t), X (u(t)) = (vo’X(UO)>+/O<X(u(8)),Yu(s)(asu(S)ﬁwU(S))dW(S)>

(5.20) [ {00060 020(5) = A @r9).0,()
+ Ay (Bsuls), Byu(s))) + (Osuls), vasu(sm} ds, t > 0.

Since Ap(-,-) L T, M for all p € M, we infer that (X (u(s)), Ay (Osu(s), dsu(s)))
= 0 for all s > 0. Hence, by applying identity (2.5) to (5.20) we find that u
satisfies the equality (3.5), i.e. that u is an intrinsic solution.

To prove the converse implication let us assume w is an intrinsic solution.
Let Z1,...,Zx be a a finite system of vector fields on M such that (2.7) holds
true. Recall that the R? components of Z; are being denoted by Z},--- , Zn.

From equation (3.5) applied to vector fields Xij = Z{Zi, 1 < k, 7 <n,
multiplied by vector e; and summed over j, by applying (2.7) we obtain

t t n k ‘
du(t) = wvo+ / D,.0,u(s)ds + / D (0auls), Vo,us)(Z] Z:)) e ds
0 0

j=1i=1

G214 [ Vi @uals).0,u(s) AW (o).

But, by (2.8), Z?:l Zf:1<83u(3), Vgsu(s)(ZijZi» ej = Aus)(Osu(s), 0su(s))
and hence, from (5.21) we infer that u satisfies the equality (3.7), i.e. that u is

an extrinsic solution to problem (3.1) with initial data (3.4).
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